
PROPORTIONS AND THE BINOMIAL 
DISTRIBUTION

1. BINOMIAL DISTRIBUTION - THE SAMPLING DISTRIBUTION OF A 
PROPORTION

The sampling distribution of  a proportion is the binomial distribution. It is calculated from the sample 
size (n) and the population proportion(π) (NOT THE MATHS CONSTANT - STUPID, I KNOW)
The population proportion is the probability that the outcome for any one individual is the event of  
interest.

For example, look at the incidence of  an inherited disease. A man and a woman are carriers i.e they are 
heterozygous for the disease. If  they have 4 children, what is the likelihood of  0,1,2,3 or 4 children 
having the disease?
What is the probability of  inheriting the disease? Simple. It is the probability of  inheriting an abnormal 
gene from each parent... 0.5 X 0.5 (multiplicative rule) = 0.25. The probability of  being neither a carrier 
or a sufferer is thus 0.75. Thus π is equal to 0.25 by our definition above.
The probability of  none of  the children having the disease or being a carrier is thus 
0.75x0.75x0.75x0.75 = 0.3164 (i.e 0.754). This is easy. Now it becomes a little more complicated.

What is the probability that ONE of  the children has the disease? It is the probability of  the first, or 
the second, or the third or the fourth child having the disease. Each of  these possibilities has the 
probability of  0.25 X 0.753 (multiplicative rule) and, since they cannot occur together, the probability of 
one or the other occurring is 0.25(0.75)3 + 0.25(0.75)3 + 0.25(0.75)3 + 0.25(0.75)3 (via the additive rule 
of  probabilities)

Similarly one could calculate the probabilities of  2, 3 or 4 children having the disease by working out 
the possible arrangements within the family and adding probabilities. The sum of  all the probabilities 
must equal 1 (because one of  the events MUST occur)

The probabilities generated could be displayed as a probability distribution - the binomial probability 
distribution.

Is there a formula we can use to simplify this? Yes. (of  course)

The probability of  getting exactly x events in a sample of  n individuals when the probability of  the 
event for each individual is π is as follows:-

The exclamation denotes the factorial of  the number and means all the integers from the number down 
to 1 multiplied together. (0! Is defined as being equal to 1).
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2. STANDARD ERROR OF A PROPORTION
The binomial distribution is the sampling distribution for the proportion of  events of  interest. Thus, 
it’s mean equals the population mean, and its standard deviation represents the standard error.  The 
population means and standard errors can be calculated from the  binomial probabilities.

Observed 
Value

Pop Mean Standard error

No of events d n(π) √[nπ(1-π)]

Proportion of events p = d/n π √[π(1-π)/n]

Percentage of events 100p 100π 100√[π(1-π)/n]

3. NORMAL APPROXIMATION TO BINOMIAL DISTRIBUTION
As sample size increases the binomial distribution begins to approximate the normal distribution and 
this can be used to calculate confidence intervals and do hypothesis testing. The binomial distribution 
can reasonably approximate th normal distribution if  nπ and n-nπ are 10 or more. This normal 
distribution has the same mean and standard error as the binomial distribution 

4. INCIDENCE AND PREVALENCE
Cumulative incidence (risk)

The risk of  a disease event is the probability that the disease event occurs during a specific 
period of  time. 
It can be estimated by the number of  new cases of  a disease during a specified period of  time, 
divided by the number of  persons initially disease-free and therefore at risk of  contracting the 
disease.

RISK = NO OF NEW CASES / NUMBER INITIALLY DISEASE FREE

Risk usually refers to an adverse or undesirable event

Prevalence
Prevalence represents the burden of  disease at a particular time, rather than the incidence of  
that disease over a period of  time. 

PREVALENCE = NUMBER WITH DISEASE AT A PARTICULAR TIME / 
TOTAL POPULATION

Both are typically expressed as a percentage, or when small, as per 1000, 10000 or 100000 population.


