
CONFIDENCE INTERVAL FOR A MEAN
A quick recap.
We have showed that the mean of the sampling distribution equals the population mean 
(µ) and its standard deviation equals  σ n  where σ is the population standard deviation 
and n is the sample size. 
This standard deviation is the standard error of the sample mean and it measures how 
precisely the sample mean estimates the population mean.

Now we need to look at how this sample mean and its standard error can allow us to 
construct a range of likely values for the population mean.

LARGE SAMPLES (NORMAL DISTRIBUTION)
We have seen that about 95% of the sample means in the distribution obtained by 
repeated sampling would lie within 2 standard errors above or below the population mean.

If the sample is of reasonable size, the sampling distribution is a normal distribution, even 
if the underlying population distribution is not a normal distribution. Think about this for a 
minute and refer to last weeks’ notes.

95% of the sample means will lie within 1.96 standard errors above or below the 
population mean since 1.96 is the two-sided 5% point of the standard normal distribution.

What does this mean? Simply that there is a 95% chance that a particular sample mean 
lies within 1.96 standard errors above (or below) the population mean, which we are trying 
to estimate. Thus there is a 95% chance that the interval between
x -1.96 x s.e and x +1.96 x s.e contains the (unknown) population mean.
This interval is called a confidence interval for the population mean 

 x -1.96 x s.e and x +1.96 x s.e are the upper and lower confidence limits for the 
population mean.

If the sample is large (n >60), the sampling distribution of the sample means is well 
approximated by the normal distribution. Additionally, the sample standard deviation (s) is 
a reliable estimate for the population standard deviation σ, which is usually unknown. 

The standard error of the sample mean σ n  can thus be estimated by s n as follows:-

95%CI = x − (1.96x (s n ))tox + (1.96x (s n ))

An example….
Say you are trying to work out how much bandwidth you need to supply to your 
large housing complex (1500 houses). It is too time consuming to measure how 
much bandwidth each house uses. So we decide to sample 100 houses to see how 
much data they use in a month. The mean of this sample was 15,3Gb with a 
standard deviation of 2,4Gb. 
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It is highly unlikely that the mean data use of 100 houses ( x ) exactly equals the 
mean data usage of all 1500 houses. It’s precision is measured by the standard 

error (σ n )  which is estimated by (s n )  which in this case equals 2.4 / 100
which calculates out to 0.24Gb.

Thus there is a 95% probability that the sample mean of 15.3Gb differs from the 
population mean by less than 1.96s.e = 1.96 x 0.24 = 0.47Gb.

Thus the 95% confidence interval is 15.3Gb-0.47Gb to 15.3+0.47Gb which are 
14.83Gb-15.77Gb. We decided to use the upper 95% confidence limit as we would 
rather over supply bandwidth than under supply (what are the chances?). If we 
wanted to really make our residents happy, we’d take the 99% confidence limits and 
use the upper one of these.. And this can be done in the same way, just using the 
99% limits from the SND table.

WHAT DOES THE CONFIDENCE INTERVAL REALLY TELL US?
We could interpret the 95% CI as telling us that there is a 95% probability that the 
population mean lies within the CI.

This is not quite correct, as the population mean is a FIXED, UNKNOWN number (μ). The 
confidence interval will vary between samples. If we were to draw several independent 
random samples from the same population and calculate the 95% CI for each, then 19 out 
of 20 samples (95%) will have the population mean between the CI limits, and one (5%) 
will not. 

WHAT ABOUT SMALLER SAMPLES
If the sample is not large, two things change.

A. The sample standard deviation s may not be a reliable estimate for σ
B. When the population is not normally distributed, the distribution of the sample 

mean may also be non-normal. This becomes a big problem when the sample 
size is very small (<15) and the population is grossly non-normal.

However, it is usually only point A which makes it impossible to use the normal distribution 
to calculate the CI limits. We have to use another “standard” distribution called the t-
distribution. The t-distribution has been shown to be useable even when the population is 
not normally distributed, but probably should not be used in the scenario of extremely non-
normal populations.

Confidence interval using t-distribution
Previously we calculated a confidence interval from the normal distribution. This was 
based on the fact that
 (x −µ) / (σ n )  is a value from the standard normal distribution and that for large samples 
we could use s instead of σ.

In actual fact, (x −µ) / (s n ) is not found on the normal distribution, but IS part of a 
distribution called the t-distribution with (n-1)degrees of freedom. This is commonly called 
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the Student’s t-distribution. It is also symmetrical and bell shaped but has longer tails and 
is wider spread than the standard normal distribution. 

The actual shape of the curve depends on the number of degrees of freedom (d.f.), (n-1) 
of the sample standard deviation s. The fewer the degrees of freedom, the more spread 
out the curve is.

The t-distribution has the following characteristics:
i. The mean of the distribution is equal to zero
ii.The variance is equal to v/v-2 where v is the degrees of freedom and is >= 2
iii.The variance is ALWAYS greater than one although it is close to 1 when there are 

many degrees of freedom. As infinite degrees of variation are approached, the 
distribution begins to approximate the SND.

The percentage points are tabulated for the t-distribution in a similar fashion to the SND.
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Eg for a sample size of 10, there are 9 d.f. And the 2 sided 5% point is 2.26. In this case 
the 95% CI can be calculated using the following formula

95% CI = x-2.26(s/√n)  to x + 2.26(s/√n)

Generally confidence interval is calculated using t| which is the appropriate percentage 
point on the the t-distribution with (n-1) degrees of freedom.

What is the effect of sample size on this?
Generally for small degrees of freedom the percentage points of the t-distribution 
are appreciably larger in value than the corresponding percentage points on the 
SND. This is because the smaller the sample size, the less certain we can be that 
the mean lies between the confidence intervals. So they need to be wider.

CONFIDENCE INTERVALS AND REFERENCE RANGES
It is important to differentiate between these.

A 95% reference range is given by the following formula
95% ref range = μ-1.96 x s.d. to μ+1.96 x s.d.

Where μ is the mean of the distribution and s.d. Is the standard deviation.

A large sample 95% CI is given by 
95% CI = x̄ - 1.96 x s.e. to x̄ + 1.96 x s.e.

The reference range tells us about the variability between individual observations in 
the population: providing that the distribution is approximately normal 95% of 
individual observations will lie within the reference range. 

In contrast the 95% CI tells us a range of plausible values for the population mean, 
given the sample mean.

Hopefully this is at least somewhat clear.
Please don’t hesitate to contact me if it is not.
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